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Nonlinear Control Law with Application to High
Angle-of-Attack Flight

Daniel J. Bugajski* and Dale F. Ennst
Honeywell Systems and Research Center, Minneapolis, Minnesota 55418

This paper proposes a general structure for aircraft control at whose core are several blocks of dynamic
inversion of the controlled system. This control law is then applied to a nonlinear model of the high angle-of-at-
tack research vehicle (HARV). The control law itself uses the complete nonlinear aerodata base and has no
restrictions on the manner in which the control inputs enter the dynamic equations. An algorithm that handles
surface limiting while ensuring a solution to the moment equation inverse is incorporated into the control law.
The performance of the control law is demonstrated via simulation of a selected supermaneuver.

Introduction

F IGHTER aircraft capable of maneuvering at extremely
high angles of attack without fear of loss of control will

have significant advantages over opponents without such ca-
pability.1 Advanced control laws will be required to achieve
this added capability. Control laws for high angle-of-attack
maneuvering will be more nonlinear than conventional flight
control laws. The nonlinearities are a consequence of nonlin-
ear aerodynamics and nonlinear inertial couplings in this flight
regime.

This paper will present nonlinear control laws intended for
flight in this regime. The control laws are based on inverting
the dynamic and kinematic equations of motion. That is,
forces and moments corresponding to undesired aerodynamic,
gravitational, or inertial contributions are modeled as func-
tions of measured state variables. Opposing forces and mo-
ments are then commanded to negate the undesired contribu-
tions followed by application of desired forces and moments
needed to accomplish the maneuver. This concept for nonlin-
ear aircraft flight control has received a great deal of attention
in recent years. Nonlinear decoupling theory has been applied
to aircraft flight control,2'4 as well as linearizing transforma-
tions of states and controls.5'6 Various flight-test evaluations
have also provided some experience with these techniques.7"10

Direct application of the general theory2'3'5'6 to aircraft
flight control is not possible because the usual four aircraft
controls (thrust, aileron, rudder, and elevator) are not suffi-
cient to decouple and control six degrees of freedom. Success-
ful applications have been made to aircraft flight control,
however, with some approximation or simplification. A com-
mon approximation is to neglect the aerodynamic lift and side
force contributions of the control surfaces to the equations of
motion. Another approach is called partial dynamic inver-
sion11 and has also been applied to highly nonlinear aircraft
flight control.12

In this paper, the roll, pitch, and yaw moments are con-
trolled with the effective aileron, elevator, and rudder. In
some cases, the effective control surface is some combination
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of more than one surface and/or thrust vectoring control.
Desired moments are calculated based on the rigid-body mo-
ment equation of motion to control roll, pitch, and yaw angu-
lar rates. Other researchers have used this approach in nonlin-
ear aircraft flight control.13'14

The body attitudes relative to the airflow are then controlled
with the three angular rate commands. Desired angular rates
are calculated based on kinematic equations to control bank
angle, sideslip angle, and angle of attack. This concept has
been discussed with respect to slow and fast variables in the
context of singular perturbation theory.15'16

The aircraft velocity vector is controlled with thrust and
aircraft attitude commands. Desired thrust and attitude of the
aircraft relative to the airflow are calculated based on the
point mass equations of motion to control velocity, heading,
and flight-path angle. The use of thrust and vehicle attitude
relative to airflow to control the velocity vector has been
recognized in the literature.4'13'17"21

In this paper, there is no restriction put on the manner in
which the control inputs enter the equations of motion. Spe-
cifically, they do not enter additively or additive with nonsin-
gular multipliers. This generality necessitates non-closed-form
solutions for the inverse such as Newton-Raphson iterative
techniques similar to those used in Ref. 22.

Control surface saturations pose serious limitations to rapid
maneuvering. This paper discusses a method for accounting
for control surface saturations. This approach scales the de-
sired rates of change of body angular rates just enough to put
surfaces on their limits. This amounts to real-time decreases in
bandwidth.

An ideal testbed for this nonlinear control concept is the
high angle-of-attack research vehicle (HARV). The HARV is
the flight-test vehicle for NASA's research program to study
the issues associated with flight at high angles of attack. The
data base for this aircraft provided for application of the
dynamic inversion control laws developed in this paper.

Models
This section details the aircraft model used in this study.

There were no dynamic sensor models, i.e., the transfer func-
tion for each of the sensors is unity. Similarly, no actuator
dynamics were used for the majority of the study. The effect
of actuator dynamics was studied on a sample supermaneuver
by including both 30 and 100 rad/s first-order lags to model
dominant surface actuator effects. Both showed negligible
performance degradation.

The aircraft 6 degree-of-freedom equations of motion are
given in the following 12 first-order, nonlinear differential
equations. The states chosen are body roll rate /?, body pitch
rate q, body yaw rate r, velocity roll angle /*, angle of attack
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a, sideslip angle 0, velocity V, heading angle x» flight-path
angle 7, a horizontal displacement with respect to an inertial
reference frame, e.g., North x, a similar displacement in an
orthogonal direction, e.g., East y, and altitude h (formal
definitions for /* and x can be found in Ref. 23):
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where 1A, MA, NA, D, Y, and L are the aerodynamic contribu-
tions to roll, pitch, yaw, drag, side force, and lift, respectively,
which are generated by interpolation through a nonlinear data
base. Variables subscripted with a Tare appropriate contribu-
tions from thrust, including thrust vectoring capability; m is
the aircraft mass; g is the gravitational constant; and / is the
moment of inertia matrix.

The aerodynamic forces and moments were obtained
through interpolation of a complete set of aerodynamic coeffi-
cient and derivative tables for the HARV. The data base
provided for a ranging between - 12 and 90 deg, j3 ranging
between - 20 and 20 deg, Mach number ranging between 0.2
and 2.0, and h to 60,000 ft.

The model provided for 10 control surfaces; left and right
leading-edge flaps, left and right trailing-edge flaps, left and
right ailerons, left and right stabilators, and left and right
rudders. An a/Mach schedule for the leading- and trailing-
edge flaps was implicitly incorporated into part of the data
base, and thus the schedule was used with the remainder of the
data base to insure smooth interpolations between parts of the
data. For this reason, the leading- and trailing-edge schedules
are implicit in the control laws developed here.

Control Laws
In this section we develop the control laws used in this

study. We will show how the dynamic inversion parts of the
control law fit into a classical control-type structure. As the
term "dynamic inversion" implies, we will be inverting (in
some sense) the dynamics of our system. Thus it will be helpful
to review the airplane dynamic model of the previous section
in a somewhat different form. A general form of our aircraft
model can be written as follows:

x = F(x, u) (13)

Specifically, let x\

I
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where d^ b& and dr represent differential aileron deflections,
symmetric elevator deflections, and symmetric rudder deflec-
tions.

Breaking up Eq. (13) into four vector differential equations,
we get

Body rate equations:

(14)

(15)

(16)

(17)

Attitude equations:

X2 = F2(

Velocity equations:

*3 = F3(

Position equations:

These equations are explicit but require table lookups to deter-
mine the aerodynamic contributions. With this particular se-
lection of state variables, the aircraft dynamics essentially line
up as shown in Fig. 1.

With the earlier functions (which represent our model dy-
namics) in mind, we present the functions that represent the
inverse dynamics:
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Fig. 1 Simplified block diagram of aircraft dynamics.
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Body rate control:

<5 = Ari

Attitude control:

X\ =

Velocity control:

(x2,T) =

Position control:

(18)

(19)

(20)

(21)

Note that these functions are essentially rewritten versions
of Eqs. (14-17). Equations (18-20) each require an iteration
because the right-hand sides of the equations (namely, the xf)
depend on the variables on the left-hand sides through the
nonlinear data base. These iterations are set up so that the
variables on the left-hand sides of the equalities are chosen to
achieve a set of desired x f . Note that Eq. (20) has four free
variables available to achieve the three desired values in jc3. We
will fix one of the free variables to use this extra degree of
freedom. Then each of these iterations has three free variables
and three constraints, and we use a first-order Newton-
Raphson search starting from the previous solution to get a
solution for the current time. Note that Eq. (21) can be solved
explicitly.

To illustrate how the dynamic inversion control works,
suppose first that we are able to select a set of desired angular
accelerations, /?, q, r (= Xi), that will allow us to complete
some maneuver. Then solving the body rate stabilization equa-
tions (18) with this desired x\ generates a set of surface deflec-
tions. The surface deflections enter the aircraft model through

the function F\. If K\ ~ Fl
 l, then the surface deflection com-

mands, out of KI and into Flf will produce the x\ that we
desired. Now that we have a piece of the control law that will
force the aircraft to generate the desired angular accelerations,
we need to pick the desired angular accelerations. We do this
with the classical type of feedback structure shown in Fig. 2.
Using this structure, there is merely an integration between the
desired angular accelerations and the angular rates. The diago-
nal gain matrix B\ sets the bandwidth for the angular rate
loops. Thus, below the bandwidth B I , the state x\ will track
the commanded value of x\.

At this point, we are left with generating the commands for
the body rates. Since the function K2 [Eq. (19)] is set up to
produce angular rates, it will be used to generate the com-
mands to the body rate loops. To solve Eq. (19), we need to
identify a set of desired attitude rates (x2 = [/i,a?,/3]). We do
this with a feedback structure analogous to the body rate loop
closure as shown in Fig. 3. Here B2 sets the bandwidth for
these loops.

Analogously, we add a guidance loop based on the dynamic
inversion function K3 to control the velocity vector. This will
aid in the simulation of known supermaneuvers that are de-
fined in terms of K, x» 7 ( = *s) time histories. Recall that the

Control Aircraft

Fig. 2 Body rate feedback loop.

I For co < B ,

cmd

Control Aircraft
Fig. 3 Body attitude feedback loop.

cmd

Fig. 4 Complete control law.
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function K3 has four free variables and three equations. Since
one of the free variables is sideslip angle, and since we prefer
coordinated flight, we fix the sideslip command to be zero.
(Note that we could have added a navigation-type loop by
using the dynamic inversion function K4, but that is not our
interest here.)

Finally we arrive at the control law block diagram shown in
Fig. 4. In the figure, the dashed line encloses what are usually
termed "outer loop" control functions. Our purpose in
adding them is only to aid in the simulation of maneuvers. The
remainder of the control law has a classical inner loop control
law structure in that the airplane is stabilized with angular rate
feedback, and its attitude is controlled with somewhat slower
loops. In addition to their classical structure, these loops rely
on a couple blocks of dynamic inversion.

Surface Command Limiting
In this section we describe the algorithm used to limit the

surface deflection (6= [datdefdr]) commands to the aircraft.
Because there are limits on actuator deflections, there will be
implied, state-dependent limits on the resulting angular accel-
erations. Take, for example, a simplified linear model for the
roll dynamics: p = Lpp + Ldda. Then for any roll rate p there
is a maximum roll acceleration pmax that corresponds to the
maximum surface deflection 6™ax. In general, this type of
nonlinearity might be lumped in with the nonlinearities in-
cluded in our FI function. Recall that the K\ function essen-
tially inverts F\ by calculating a set of surface deflections given
a desired set of angular accelerations. But because saturations
are noninvertible nonlinearities, the previously described rate
loop computations (especially the evaluation of the K\ func-
tion) are not well defined. It seems, though, that a way of
dealing with these limits would naturally be incorporated into
the rate loop computations. Our method of dealing with satu-
rations will be to reduce the bandwidth of the rate loops such
that 1) the (scaled) ;tfes is achieved and 2) a surface is on its
limit.

We write the Newton-Raphson iteration for the evaluation
of the KI function as follows:

limits for high
q condition

6(/i + 1) =
L 96 u = u(ri).

(22)

where x° indicates the current state, the superscript "des"
indicates a desired value, and the index n is the Newton-Raph-
son step counter. Note that the right-hand side of Eq. (22)
includes a term due to the desired angular accelerations and a
term due to the current angular accelerations. Further, the
only term specified by the designer is x?es, which we have
currently defined to be B\(Ximd - x}). All other terms on the
right-hand side of this equation are known or easily com-
puted.

The previous iteration works fine until the choice of desired
angular accelerations is such that no allowable deflections will
achieve it. This can be depicted with the two-dimensional
vector representation shown in Fig. 5. The left diagram shows
the maximum deflection boundary. The right diagram shows
two possible mappings (we have shown mappings into rectan-
gles for simplicity) of the deflection boundary into the angular
acceleration space giving two possible acceleration bound-
aries. The larger rectangle corresponds to a high dynamic
pressure (q) flight condition (i.e., surfaces are more effective),
and the smaller rectangle corresponds to a low dynamic pres-
sure flight condition. Also drawn on this figure are vectors
representing the desired angular acceleration and the angular
acceleration due to the existing state. The controls must make
up the difference to achieve the desired angular acceleration.
But since the desired angular acceleration lies outside of the
achievable limits, there is no solution. Our experience has
shown that scaling back the Jc?es vector (i.e., retaining the

Fig. 5 Two-dimensional depiction of limiting algorithm.

direction but decreasing the magnitude) such that the resultant
scaled vector sum lies on the acceleration boundary yields the
best results.

While this solution only holds for cases like the high dy-
namic pressure case, it has the following intuitive appeal:
actuator saturations tend to imply that the closed-loop system
gain/bandwidth is too high; conversely, if it is known that
actuators are going to saturate, perhaps the bandwidth should
be reduced. Indeed, this is what the algorithm does. Since
;cfes = Bixf"or

9 scaling jcfes is equivalent to scaling B I , the
bandwidth of the x\ loops.

Note that for the low dynamic pressure case, the algorithm
described previously will fail since there is no way to scale
back along the desired acceleration vector until valid accelera-
tions are achieved. In such an instance, the flight is uncon-
trolled and will result in instability unless the aircraft passes
through a controllable part of the state-space and control is
reacquired. It should also be noted that this logic has been
incorporated into the jci loops only. Limiting for the other
loops has not been implemented.

Results
In this section we show, by way of simulation of a superma-

neuver, the performance of the control strategy detailed ear-
lier. (While we refer to this maneuver as a "supermaneuver,"
it should be noted that the angles of attack that are achieved
do not go that deeply into the poststall region.) The superma-
neuver is based on the time history information included in
Ref. 24 and defined by V, x> and 7. The maneuver is time
optimal and designed to reverse the direction of both the
velocity vector and the body x axis. The maneuver begins at
100 m/s and finishes flying straight and level at 62 m/s.

We have chosen the following bandwidths for the control
loops: B\ = 5 rad/s, B2 = 1 rad/s, and B3 = 0.2 rad/s. Band-
widths for velocity and attitude loops used here are considered
low compared to values of 1 rad/s for flight-path angle and
2-3 rad/s for angle of attack that would be more appropriate
for conventional maneuvers. It may be possible to obtain these
higher bandwidths during supermaneuvers with the addition
of thrust vectoring control, but this was beyond the scope of
this study.

Figure 6 contains the simulation results for the supermaneu-
ver. In all cases where two traces are on the same grid, the
solid line corresponds to the commanded value of the signal,
whereas the dashed line indicates the actual value. Parts a)
through c) show V, \, and y (= x3). They have tracking
consistent with a 5-s time constant. Parts d) through 0 show /x,
a, and 0 ( = x2). Here again we see good tracking, consistent
with a 1-s time constant. Peak angle of attack during the
transient is about 46 deg, and it finishes up at about 39 deg.
Recall the sideslip command is always zero, and we get a peak
sideslip angle of about 1 deg. Parts g) through i) show p, q,
and r (= x{). With the exception of the intervals of rudder
saturation (when the limiting logic forces a bandwidth reduc-
tion), these show good tracking and no extraordinary magni-
tudes. Parts j) through 1) show the effective surfaces 6fl, de,
and dr ( = d). Parts m) through o) show the thrust, lateral
acceleration, and normal acceleration. Lateral acceleration



BUGAJSKI AND ENNS: HIGH ANGLE-OF-ATTACK FLIGHT 765
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e) Angle-of-Attack
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Fig. 6 HARV simulation results.
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Fig. 6 (continued) HARV simulation results.
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peaks at 0.08 g and is small (<0.05 g) everywhere else. Nor-
mal acceleration peaks at about 2.2 g. Clearly the thrust
response is unrealistic, as no limits were incorporated into this
part of the control law. Finally, part p) shows the scale factor
used to reduce the rate loop bandwidth. At the worst case, the
bandwidth was reduced to 10% of its nominal value. Note that
at the time of peak thrust, there are noticeable irregularities in
some of the other traces as well. This is best explained by a
time mismatch problem between the variables commanded by
the velocity loop. The velocity loop commands thrust and
angle of attack, but only the thrust responds instantaneously
(since there are no actuator dynamics), angle of attack does
not (since it is slowed by its own control loop). Overall the
control system performed very well, providing precise tracking
in all three axes throughout this highly coupled maneuver.

Simulation of more demanding supermaneuvers, those re-
quiring turning at higher angles of attack or slower speeds,
shows that the lack of rudder authority results in instability.
This was expected and would be overcome by the addition of
thrust vectoring capability or nose strakes.16'25 Models for
these modifications were not included due to resource limita-
tions.

Conclusions
We have defined a general structure for a set of advanced

nonlinear control laws. While these control laws have a classi-
cal flavor, the core pieces are based on the technique of
dynamic inversion. We have implemented these control laws
with a model of the HARV. The control laws, as well as the
aircraft model, use a full nonlinear aerodata base. We have
also implemented an algorithm to handle appropriate surface
limiting while insuring a solution to the iterative solutions
inherent in the dynamic inversion methodology. Via simula-
tion we have shown that the control laws exhibit excellent
tracking performance.
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